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Abstract 
The number of spanning trees is an important quantity characterizing the reliability of a network(graph). 

Generally, the number of spanning trees in a network can be obtained by directly calculating a related determinant 
corresponding to the network. However, for a large network, evaluating the relevant determinant is intractable. In 
this paper, we investigated the number of spanning trees in three sequences of families of graphs of the same average 

degree 
ଵ଺

ଷ
. We used the electrically equivalent transformations and rules of weighted generating function which 

avoids the laborious computation of the determinant for counting the number of spanning trees. Finally, we 
determined the entropy of our studied graphs.  
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1. Introduction  
In graph theory, determining the number of spanning trees in a graph is one of the most extensively researched 
issues.  
An (𝑛 − 1) − edge subgraph of a connected graph 𝐺 with 𝑛 vertices is a spanning tree of that graph 𝐺. In graph 
theory, the number of spanning trees in a graph represented as 𝜏(𝐺) is also known as the complexity of 𝐺 and is a 
significant and extensively researched quantity that is used in many different applications. Counting the number of 
Eulerian circuits in a graph [1], recalling specific chemical isomers [2], and network dependability [3] are the 
application domains that people remember the most. Counting spanning trees is a crucial component in many 
approaches to network reliability estimation, computation, and bounding [4]. In a network represented by a graph, 
communication amongst each network node of the network implies that the graph must contain a spanning tree and, 
thus, maximizing the number of spanning trees is a way of maximizing reliability. 
There exist various methods for finding this number. Kirchhoff's matrix tree theorem named after Gustav Kirchhoff 
[5] is a theorem about the number of spanning trees in a graph, showing that this number can be computed 
in polynomial time from the determinant of a submatrix of the Laplacian matrix of the graph; specifically, the 
number is equal to any cofactor of the Laplacian matrix. 

Another method to count the complexity of a graph is using Laplacian eigenvalues.  Let G  be a connected graph 
with

 
𝑘 vertices. Kelmans and Chelnoknov [6] derived the following formula: 

 𝜏(𝐺) =
ଵ

௞
∏ 𝜇௜

௞ିଵ
௜ୀଵ .                                                                                                                  (1.1) 

Where 𝑘 = 𝜇ଵ ≥ 𝜇ଶ ≥ ⋯ ≥ 𝜇௞ = 0 are the eigenvalues of the Kirchhoff matrix 𝐿. 
Degenerating the graph through successive elimination of contraction of its edges represents the core of another way 
to compute the complexity of a graph [7,8].  If 𝐺 = (𝑉, 𝐸) is a multigraph with 𝑒 ∈ 𝐸, then 𝐺. 𝑒 is the graph obtained 
from 𝐺 by contracting the degree until its endpoints are a single vertex. The formula for computing the number of 
spanning trees of a multigraph 𝐺 is given by: 
 𝜏(𝐺) = 𝜏(𝐺 − 𝑒) + 𝜏(𝐺. 𝑒)                                                                                                                                     (1.2) 
This formula is beautiful but not practically useful (grows exponentially with the size of the graph- may be as 
many as 2|ா(ீ)|terms. For a summary of further results for calculating the number of spanning trees of graphs, see 
[9, 10,11,12,13,14,15]. 
2. Electrically equivalent transformations 
An edge-weighted graph, whose weights represent the conductance of the corresponding edges, may be thought of 
as an electrical network, which is why Kirchhoff was motivated to research electrical networks. The quotient of the 
(weighted) number of spanning trees and the (weighted) number of so-called thickets—that is, spanning forests with 
exactly two components and the characteristic that each component contains precisely one of the vertices 𝑢, 𝑣 can 
be used to express the effect conductance between two vertices 𝑢, 𝑣 [16,17,18,19,20]. The impact of a few basic 
modifications on the quantity of spanning trees is listed below. The weighted number of spanning trees 𝐺 is indicated 
by 𝜏(𝐺) and let 𝐺 be an edge weighted graph and 𝐺 ′ be the associated electrically equivalent graph. 
• Parallel edges: When two parallel edges in 𝐺, each with conductances 𝑢 and 𝑣, are merged into a single edge in 
𝐺 ′ with a conductance of 𝑢 + 𝑣, the count of spanning trees, 𝜏(𝐺 ′), remains unchanged compared to 𝜏(𝐺). 
• Serial edges: If two serial edges in 𝐺, with conductances 𝑢 and 𝑣, are combined into a single edge in 𝐺 ′ with a 
conductance of 𝑢𝑣/(𝑢 + 𝑣), then 𝜏(𝐺 ′) can be calculated as (1/(𝑢 + 𝑣) multiplied by 𝜏(𝐺). 
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• Δ-Y Transformation: When a triangle in 𝐺, with conductances 𝑥, 𝑦 and 𝑧 is transformed into an electrically 
equivalent star graph in 𝐺 ′ with conductances 𝑥 = (𝑢𝑣 + 𝑣𝑤 + 𝑤𝑢)/𝑢, 𝑦 = (𝑢𝑣 + 𝑣𝑤 + 𝑤𝑢)/𝑣, and 𝑧 =
(𝑢𝑣 + 𝑣𝑤 + 𝑤𝑢) /𝑤, the count of spanning trees in 𝐺 ′, 𝜏(𝐺 ′), can be determined as (𝑢𝑣 + 𝑣𝑤 + 𝑤𝑢)ଶ /
𝑢𝑣𝑤  multiplied by 𝜏(𝐺). 
• Y-Δ Transformation: If a star graph in 𝐺, with conductances 𝑢, 𝑣 and 𝑤, is converted into an electrically 
equivalent triangle in 𝐺 ′ with conductances 𝑥 = 𝑣𝑤/(𝑢 + 𝑣 + 𝑤), 𝑦 = 𝑢𝑤/(𝑢 + 𝑣 + 𝑤) and 𝑧 = 𝑢𝑣/(𝑢 + 𝑣 + 𝑤), 
then 𝜏(𝐺 ′) is given by 1/(𝑢 + 𝑣 + 𝑤) multiplied by 𝜏(𝐺). 
 
In mathematics, it is common to derive new structures from existing ones. This principle extends to graphs, where 
numerous new graphs can be generated from a given set. In this study, we determine the complexity for four novel 
types of graphs of the same average degree we named it (n) (n)

1 2,  and (n)
3  respectively. 

3. Number of spanning trees in the sequences of 𝛱ଵ
(௡)graph 

The graph 𝛱ଵ
(௡) is defined recursively using the graphs 𝛱ଵ

(ଵ) (triangle or Kଷ) and 𝛱ଵ
(ଶ) as shown in Figure 1. The 

graph 𝛱ଵ
(ଵ)

 , n = 3  is obtained by replacing the central triangle in 𝛱ଵ
(ଶ) by a copy of 𝛱ଵ

(ଶ). In general, (n)
1 is obtained 

by replacing the central triangle in (n 1)
1
  with (2)

1 .  According to this construction, the number of total 

verticesቚ𝑉(𝛱ଵ
(௡)

)ቚ |and edges ቚ𝐸( 𝛱ଵ
(௡)

)ቚare ቚ𝑉(𝛱ଵ
(௡)

)ቚ = 9𝑛 − 6 and ቚ𝐸( 𝛱ଵ
(௡)

)ቚ = 24𝑛 − 21, 𝑛 = 1, 2, ....  The 

average degree of  𝛱ଵ
(௡) is in the large 𝑛 limit which is  

ଵ଺

ଷ
. 

 
 

 

 

 

 

 

 

Fig.1 Some sequences of the graph 𝛱ଵ
(௡) 

Theorem 1. For  𝑛 ≥ 1, the number of spanning trees in the sequence of the graph 𝛱ଵ
(௡) is given by 

 
ଶషళష೙×ଷషఴశయ೙×ହషభశ೙((ଷଷିଷ√ଵ଴ହ)೙(ଷା√ଵ଴ହ)ି(ିଷା√ଵ଴ହ)(ଷ(ଵଵ √ଵ଴ହ))೙)మ(଻ାଷ√ଵ଴ହାଶరషయ೙(ଽଵାଽ√ଵ଴ହ)(ଵଵଷା √ଵ଴ହ)షభశ೙)మ)

(ଶ଼ା଻ଶషమషయ೙(ିଵଽା√ଵ଴ହ)(ଵଵଷା √ଵ଴ହ)೙)మ  

 Proof: We use the electrically equivalent transformation to transform  𝛱ଵ
(௜) to 𝛱ଵ

(௜ ିଵ). Fig.2 illustrates the 

transformation process from 𝛱ଵ
(ଶ) to 𝛱ଵ

(ଵ). 
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Fig.2 The transformations from 𝛱ଵ
(ଶ)

 to 𝛱ଵ
(ଵ)
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Using the properties given in section 2, we have the following the transformations: 

𝜏(𝐺ଵ) = [
ଵ

ଷ
]ଷ𝜏(𝛱ଵ

(ଶ)
), 𝜏(𝐺ଶ) = 𝜏(𝐺ଵ), 𝜏(𝐺ଷ) = [

ଵଶ(௞మ ାଵ)మ

ଷ௞మାଵ
]ଷ𝜏(𝐺ଶ), 𝜏(𝐺ସ) = [

ଵ

ସ௞మାହ
]ଷ𝜏(𝐺ଷ), 𝜏(𝐺ହ) =

[
ଷ௞మାଵ

ଵସ௞మାଵ଴
]ଷ𝜏(𝐺ସ), 𝜏(𝐺଺) = 𝜏(𝐺ହ), 𝜏(𝐺଻) = [

ଷ଺(௞మ ାଵ)మ

ସ௞మାହ
]ଷ𝜏(𝐺଺), 𝜏(𝐺଼) = [

(ସ௞మାହ)(଻ ௞మ ାହ)

ଵଶ(௞మ ାଵ)మ(଻ ௞మ ାଵ଴)
]ଷ𝜏(𝐺଻), 𝜏(𝐺ଽ) = 𝜏(𝐺଼)  

𝜏(𝐺ଵ଴) = [
(ସ௞మାହ)(଻ ௞మ ାଵ଴)

ଵ଼଴(௞మ ାଵ)మ
]𝜏(𝐺ଽ), and 𝜏(𝛱ଵ

(ଵ)
) = 𝜏(𝐺ଵ଴). 

Combining these eleven transformations, we have: 

 𝜏(𝛱ଵ
(ଶ)

) = 270(14𝑘ଶ + 00)ଶ𝜏(𝛱ଵ
(ଵ)

).                                                                                                                   (3.1) 
 Further 

 𝜏(𝛱ଵ
(௡)

) = ∏ 270(14𝑘௜ + 00)ଶ𝜏(𝛱ଵ
(ଵ)

) = 3 ×௡
௜ୀଶ 270௡ିଵ𝑘ଵ

ଶ[∏ (14𝑘௜ + 20)]ଶ௡
௜ୀଶ ,                                             (3.2)    

where 𝑘௜ିଵ =
ଵଷ ೔ାଵ଺

ଵସ௞೔ାଶ଴
, 𝑖 = 2,3, . . . , 𝑛.        

Its characteristic equation is 14𝛼ଶ + 7𝛼 − 16 = 0 with roots 𝛼ଵ =
ି଻ି√ଵ଴ହ

ଶ଼  and 𝛼ଶ =
ି଻ାଷ√ଵ଴ହ

ଶ଼ . Subtracting these 

two roots into both sides of 𝑘௜ିଵ =
ଵଷ௞೔ାଵ଺

ଵସ௞೔ାଶ଴, we get 

𝑘௜ିଵ −
ି଻ିଷ√ଵ଴ହହ

ଶ଼
=

ଵଷ௞೔ାଵ଺

ଵସ ೔ାଶ
+

଻ାଷ√ଵ଴ହ

ଶ଼
=

(ଷଷାଷ√ଵ଴ହ)(௞೔ା
ళశయ√భబఱ

మఴ
)

ଶ(ଵସ௞೔ାଶ )
                                                                            (3.3) 

𝑘௜ିଵ −
ି଻ାଷ√ଵ଴ହହ

ଶ଼
=

ଵଷ௞೔ାଵ଺

ଵସ௞೔ାଶ଴
+

଻ିଷ√ଵ଴ହ

ଶ଼
=

(ଷଷିଷ√ଵ଴ହ)(௞೔ା
ళషయ√భబఱ

మఴ
)

ଶ(ଵସ௞೔ାଶ଴)                                                                             (3.4) 

Let ℎ௜ =
௞೔ା

ళశయ√భబఱ

మఴ

௞೔ା
ళషయ√భబఱ

మఴ

.Then by Eqs. (3.3) and (3.4), we get ℎ௜ିଵ = (
ଵଵଷାଵଵ√ଵ଴ହ

଼
)ℎ௜ and ℎ௜ = (

ଵଵଷାଵଵ√ଵ଴ହ

଼
)௡ି௜ℎ௡. 

Therefore 𝑘௜ =
(

భభయశభభ√భబఱ

ఴ
)೙ష೔(

షళశయ√భబఱ

మఴ
)ℎ೙ା(

ళశయ√ఱఱ

మఴ
)

(
భభయశభభ√భబఱ

ఴ
)೙ష೔ℎ೙ିଵ

.  

 Thus 

  𝑘ଵ =
(

భభయశభభ√భబఱ

ఴ
)೙షభ(

షళశయ√భబఱ

మఴ
)ℎ೙ା(

ళశయ√ఱఱ

మఴ
)

(
భభయశభ √భబఱ

ఴ
)೙షభℎ೙ିଵ

..                                                                                                                (3.5) 

Using the expression 𝑘௡ିଵ =
ଵଷ ೙ାଵ଺

ଵସ ೙ାଶ଴ and denoting the coefficients of  13𝑘௡ + 16 and  14𝑘௡ + 20 as 𝑓௡ and 𝑔௡ , 
we have 

14𝑘௡ + 20 = 𝑓଴(13𝑘௡ + 16) + 𝑔଴(14𝑘௡ + 20), 

14𝑘௡ିଵ + 20 =
𝑓ଵ(13𝑘௡ + 16) + 𝑔ଵ(14𝑘௡ + 20)

𝑓଴(13𝑘௡ + 16) + 𝑔଴(14𝑘௡ + 20)
, 

14𝑘௡ିଶ + 20 =
𝑓ଶ(13𝑘௡ + 16) + 𝑔ଶ(14𝑘௡ + 20)

𝑓ଵ(13𝑘௡ + 16) + 𝑔ଵ(14𝑘௡ + 20)
, 

⋮ 
14𝑘௡ି௜ + 20 =

௙೔(ଵଷ௞೙ାଵ଺)ା௚೔(ଵସ௞೙ାଶ଴)

௙೔షభ(ଵଷ௞೙ାଵ଺)ା௚೔షభ(ଵସ௞೙ାଶ଴)
,                                                                                                           (3.6) 

14𝑘௡ି(௜ାଵ) + 20 =
௙೔శభ(ଵଷ௞೙ାଵ଺)ା௚೔శభ(ଵସ௞೙ାଶ଴)

௙೔(ଵଷ ೙ାଵ )ା௚೔(ଵସ௞೙ାଶ଴)
,                                                                                                    (3.7) 

                          

14𝑘ଶ + 20 =
𝑓௡ିଶ(13𝑘௡ + 16) + 𝑔௡ିଶ(14𝑘௡ + 20)

𝑓௡ିଷ(13𝑘௡ + 16) + 𝑔௡ିଷ(14𝑘௡ + 20)
, 

Thus, we obtain 

𝜏(𝛱ଵ
(௡)

) = 3 × 270௡ିଵ𝑘ଵ
ଶ[𝑓௡ିଶ(13𝑘௡ + 16) + 𝑔௡ିଶ(14𝑘௡ + 20)]ଶ

                                                                    (3.8) 

where 𝑓଴ = 0, 𝑔଴ = 1 and 𝑓ଵ = 14, 𝑔ଵ = 20. By the expression 𝑘௡ିଵ =
ଵଷ௞೙ାଵ଺

ଵସ ೙ାଶ଴
 and using Eqs. (3.6) and (3.7), we 

have 

    𝑓௜ାଵ = 33𝑓௜ − 36𝑓௜ିଵ; 𝑔௜ାଵ = 33𝑔௜ − 36𝑔௜ିଵ                                                                                                   (3.9) 

The characteristic equation of Eq.(3.9) is 𝛽
ଶ − 33𝛽 + 36 = 0 with roots 𝛽ଵ =

ଷଷାଷ√ଵ଴ହ

ଶ  and 
𝛽ଵ =

ଷଷିଷ√ଵ଴ହ

ଶ . The 
general solutions of Eq. (3.9) are  
𝑓௜ = 𝑎ଵ𝛽ଵ

௜ + 𝑎ଶ𝛽ଶ
௜ ; 𝑔௜ = 𝑏ଵ𝛽ଵ

௜ + 𝑏ଶ𝛽ଶ
௜
. 

Using the initial conditions 0 00, 1a b   and 𝑓ଵ = 14, 𝑔ଵ = 20, yields 

𝑓௜ =
ଶ√ଵ଴ହ

ସହ
(

ଷଷାଷ√ଵ଴ହ

ଶ
)௜ −

ଶ√ଵ଴ହ

ସହ
(

ଷଷିଷ√ଵ଴ହ

ଶ
)௜; 𝑔௜ = (

ସହା√ଵ଴ହ

ଽ଴
)(

ଷଷାଷ√ଵ଴ହ

ଶ
)௜ + (

ସହ √ଵ଴ହ

ଽ଴
)(

ଷଷିଷ√ଵ଴ହ

ଶ
)௜

                      (3.10) 

If  𝑘௡ = 1, it means that 𝛱ଵ
(௡)

 is without any electrically equivalent transformation. Plugging Eq. (3.10) into Eq. 
(3.8), we have 

𝜏(𝛱ଵ
(௡)

) = 3 × 270௡ିଵ𝑘ଵ
ଶ[(

ହଵାହ√ଵ଴ହ

ଷ
)(

ଷଷାଷ√ଵ଴ହ

ଶ
)௡ିଶ + (

ହଵିହ√ଵ଴ହ

ଷ
)(

ଷଷି √ଵ଴ହ

ଶ
)௡ିଶ]ଶ, 𝑛 ≥ 2.                              (3.11) 

When  𝑛 = 1 , 𝜏(𝛱ଵ
(ଵ)

) = 3 which satisfies Eq. (3.11). Therefore, the number of spanning trees in the sequence of 

the graph 𝛱ଵ
(௡)

 is given by 

𝜏(𝛱ଵ
(௡)

) = 3 × 270௡ିଵ𝑘ଵ
ଶ[(

ହଵାହ√ଵ଴ହ

ଷ
)(

ଷଷାଷ√ଵ଴ହ

ଶ
)௡ିଶ + (

ହଵିହ√ଵ଴ହ

ଷ
)(

ଷଷିଷ√ଵ଴ହ

ଶ
)௡ିଶ]ଶ, 𝑛 ≥ 1.

 
                             (3.12) 
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Where 

 𝑘ଵ =
ଶ(

భభయశభభ√భబఱ

ఴ
)೙షభ(ଽଵାଽ√ଵ଴ହ)ା(଻ାଷ√ଵ଴ହ)

଻(
భభయశ √భబఱ

ఴ
)೙షభ(ଷଵାଷ√ଵ଴ହ)ିଶ଼

, 𝑛 ≥ 1.                                                                                                (3.13) 

Inserting Eq. (3.13) into Eq.(3.12) we obtain the desired result.                                                                          
 

4. Number of spanning trees in the sequences of 𝛱ଶ
(௡)graph 

The graph 𝛱ଶ
(௡) is defined recursively using the graphs 𝛱ଶ

(ଵ) (triangle or Kଷ) and 𝛱ଶ
(ଶ) as shown in Figure 1. The 

graph 𝛱ଶ
(ଵ)

 , n = 3  is obtained by replacing the central triangle in 𝛱ଶ
(ଶ) by a copy of 𝛱ଶ

(ଶ). In general, 𝛱ଶ
(௡)is 

obtained by replacing the central triangle in 𝛱ଶ
(௡ ିଵ) with 𝛱ଶ

(ଶ).  According to this construction, the number of 

total verticesቚ𝑉(𝛱ଶ
(௡)

)ቚ |and edges ቚ𝐸( 𝛱ଶ
(௡)

)ቚare ቚ𝑉(𝛱ଶ
(௡)

)ቚ = 9𝑛 − 6 and ቚ𝐸( 𝛱ଶ
(௡)

)ቚ = 24𝑛 − 21, 𝑛 = 1, 2, ....  

The average degree of  𝛱ଶ
(௡) is in the large 𝑛 limit which is  

ଵ଺

ଷ
. 

 
 
 
 
 

 

 

 
 
 
 
 
 

 Fig. 3 Some sequences of the graph Πଶ
(୬) 

 

Theorem 2. For  𝑛 ≥ 1, the number of spanning trees in the sequence of the graph 𝛱ଶ
(௡) is given by

   
 

 
(ଷ×ସ೙షల((ଶ଺ଽହିଶ଺ଽ√ଵ଴ହ)(ଵଵଷାଵଵ√ଵ଴ହ)೙ା(ଵଵଷି √ଵ଴ହ)೙(ଶ଺ଽହାଶ଺ଽ√ଵ଴ହ))మ(

మయ

మ
(ିଵହାଵଵ√ଵ଴ହ)ା(଺ହଶହା଺ସଽ√ଵ଴ହ)(

యమ

భమళయళశభమరయ√భబఱ
)భష೙)మ)

(ଵସ଼ଶଶହ(ଵ଻ଽସି రషఱ೙(ହସଷଵାହଵ √ଵ଴ହ)(ଵଶ଻ଷ଻ାଵଶସଷ√ଵ଴ହ)೙షభ)మ)
  

 

Proof:  We use the electrically equivalent transformation to transform  𝛱ଶ
(௜) to 𝛱ଶ

(௜ ିଵ). Fig.4 illustrates the 

transformation process from 𝛱ଶ
(ଶ) to 𝛱ଶ

(ଵ). 
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Fig.4 The transformations from 𝛱ଶ
(ଶ)

 to 𝛱ଶ
(ଵ)

 Using the properties given in section 2, we have the following the transformations: 

𝜏(𝐺ଵ) = [
ଵ

ଷ
]ଷ𝜏(𝛱ଶ

(ଶ)
), 𝜏(𝐺ଶ) = 𝜏(𝐺ଵ), 𝜏(𝐺ଷ) = 9𝑘ଶ𝜏(𝐺ଶ), 𝜏(𝐺ସ) = [

ଵ

ଷ௞మାଶ
]ଷ𝜏(𝐺ଷ), 𝜏(𝐺ହ) = 𝜏(𝐺ସ), 𝜏(𝐺଺) =

ቂ
ଷ௞మାଶ

ଵ଼௞మ
ቃ 𝜏(𝐺ହ), 𝜏(𝐺଻) = 𝜏(𝐺଺), 𝜏(𝐺଼) = 3[

ଵ଼௞మାଵ

ଷ௞మାଶ
]𝜏(𝐺଻), 𝜏(𝐺ଽ) = [

ଷ(ଷ௞మାଶ)

଻଼ మାସଽ
]ଷ𝜏(𝐺଼), 𝜏(𝐺ଵ଴) = 𝜏(𝐺ଽ),  𝜏(𝐺ଵଵ) =

[
(଻଼ ௞మ ାସଽ)

ଶସ(ଵ଼ ௞మ ାଵଵ)మ
]𝜏(𝐺ଵ଴), and 

(1)
1 10( ) ( ).G    

Combining these twelve transformations, we have: 

 𝜏(𝛱ଶ
(ଶ)

) = 16(78𝑘ଶ + 49)𝜏(𝛱ଶ
(ଵ)

).                                                                                                                       (4.1) 
 Further 

 𝜏(𝛱ଶ
(௡)

) = ∏ 16(78𝑘௜ + 49)ଶ𝜏(𝛱ଶ
(ଵ)

) = 3 ×௡
௜ୀଶ 16௡ିଵ𝑘ଵ

ଶ[∏ (78𝑘௜ + 49)]ଶ௡
௜ୀଶ ,                                                 (4.2)    

where 𝑘௜ିଵ =
଺ସ௞೔ାସ଴

଻଼௞೔ାସଽ
, 𝑖 = 2,3, . . . , 𝑛.        

Its characteristic equation is 78𝛼ଶ − 15𝛼 − 40 = 0 with roots 𝛼ଵ =
ଵହିଵଵ√ଵ଴ହ

ଵହ଺  and 𝛼ଶ =
ଵହାଵଵ√ଵ଴ହ

ଵହ଺ . Subtracting 

these two roots into both sides of 𝑘௜ିଵ =
଺ସ ೔ାସ଴

଻଼௞೔ାସଽ, we get 

𝑘௜ିଵ −
ଵହିଵ √ଵ଴ହ

ଵହ଺
=

଺ସ௞೔ାସ

଻଼ ೔ାସଽ
−

ଵହିଵଵ√ଵ଴ହ

ଵହ଺
=

(ଵଵଷା √ଵ଴ହ)(௞೔ି
భఱషభ √భబఱ

భఱల
)

ଶ(଻଼௞೔ାସଽ)
                                                                   (4.3) 

𝑘௜ିଵ −
ଵହାଵ √ଵ଴ହ

ଵହ଺
=

଺ସ௞೔ାସ଴

଻଼௞೔ାସଽ
−

ଵହାଵଵ√ଵ଴ହ

ଵହ଺
=

(ଵଵଷି √ଵ଴ହ)(௞೔ି
భఱశభ √భబఱ

భఱల
)

ଶ(଻଼ ೔ାସ )                                                                    (4.4) 

Let  ℎ௜ =
௞೔ା

భఱషభ √భబఱ

భఱల

௞೔ା
భఱశభభ√భబఱ

భఱల

.Then by Eqs. (4.3) and (4.4), we get ℎ௜ିଵ = (
ଵଶ଻ଷ଻ାଵଶସ √ଵ଴ହ

ଷଶ
)ℎ௜ and ℎ௜ =

(
ଵଶ଻ଷ଻ାଵଶସଷ√ଵ଴ହ

ଷଶ
)௡ି௜ℎ௡. 

Therefore,  𝑘௜ =
(

భమళయళశభమరయ√భబఱ

యమ
)೙ష೔൬

భఱశభ √భబఱ

భఱల
൰ℎ೙ି(

భఱషభభ √భబఱ

భఱల
)

(
భమళయళశభమరయ√భబఱ

యమ
)೙ష೔ℎ೙ିଵ

.  

 Thus 

  𝑘ଵ =
(

భమళయళశభమర √భబఱ

యమ
)೙షభ൬

భఱశభభ√భబఱ

భఱల
൰ℎ೙ି(

భఱషభభయ√భబఱ

భఱల
)

(
భమళయళశభమరయ√భబఱ

యమ
)೙షభℎ೙ିଵ

.                                                                                                      (4.5) 

Using the expression 𝑘௡ିଵ =
଺ସ ೙ାସ଴

଻଼௞೙ାସଽ and denoting the coefficients of  64𝑘௡ + 40 and  78𝑘௡ + 49 as 𝑓௡ and 𝑔௡ , 
we have 

78𝑘௡ + 49 = 𝑓଴(64𝑘௡ + 40) + 𝑔଴(78𝑘௡ + 49), 
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78𝑘௡ିଵ + 49 =
𝑓ଵ(64𝑘௡ + 40) + 𝑔ଵ(78𝑘௡ + 49)

𝑓଴(64𝑘௡ + 40) + 𝑔଴(78𝑘௡ + 49)
, 

78𝑘௡ିଶ + 49 =
𝑓ଶ(64𝑘௡ + 40) + 𝑔ଶ(78𝑘௡ + 49)

𝑓ଵ(64𝑘௡ + 40) + 𝑔ଵ(78𝑘௡ + 49)
, 

⋮ 
78𝑘௡ି௜ + 49 =

௙೔(଺ସ௞೙ାସ଴)ା௚೔(଻଼௞೙ାସ )

௙೔షభ(଺ସ௞೙ାସ଴)ା௚೔షభ(଻଼ ೙ାସଽ)
,                                                                                                           (4.6) 

78𝑘௡ି(௜ାଵ) + 49 =
௙೔శభ(଺ସ ೙ାସ଴)ା௚೔శభ(଻଼ ೙ାସଽ)

௙೔(଺ସ௞೙ାସ଴)ା௚೔(଻଼௞೙ାସଽ)
,                                                                                                    (4.7) 

                          

78𝑘ଶ + 49 =
𝑓௡ିଶ(64𝑘௡ + 40) + 𝑔௡ିଶ(78𝑘௡ + 49)

𝑓௡ିଷ(64𝑘௡ + 40) + 𝑔௡ିଷ(78𝑘௡ + 49)
, 

Thus, we obtain 

𝜏(𝛱ଶ
(ଶ)

) = 3 × 16௡ିଵ𝑘ଵ
ଶ[𝑓௡ିଶ(64𝑘௡ + 40) + 𝑔௡ିଶ(78𝑘௡ + 49)]ଶ

                                                                      (4.8) 

where 𝑓଴ = 0, 𝑔଴ = 1 and 𝑓ଵ = 78, 𝑔ଵ = 49. By the expression𝑘௡ିଵ =
଺ସ௞೙ାସ଴

଻଼௞೙ାସଽ and using Eqs. (4.6) and (4.7), we 
have 
    𝑓௜ାଵ = 113𝑓௜ − 16𝑓௜ିଵ; 𝑔௜ାଵ = 113𝑔௜ − 16𝑔௜ିଵ                                                                                              (4.9) 

The characteristic equation of Eq. (4.9) is 𝛽
ଶ − 113𝛽 + 16 = 0 with roots 𝛽ଵ =

ଵଵଷାଵଵ√ଵ଴ହ

ଶ  and 
𝛽ଵ =

ଵଵଷି √ଵ଴ହ

ଶ . 
The general solutions of Eq. (4.9) are  
𝑓௜ = 𝑎ଵ𝛽ଵ

௜ + 𝑎ଶ𝛽ଶ
௜ ; 𝑔௜ = 𝑏ଵ𝛽ଵ

௜ + 𝑏ଶ𝛽ଶ
௜
. 

Using the initial conditions 0 00, 1a b   and 𝑎ଵ = 78, 𝑏ଵ = 49, yield 

𝑓௜ =
78√105

1155
(
113 + 11√105

2
)௜ −

78√105

1155
(
113 − 11√105

2
)௜; 

𝑔௜ = (
ଶଷଵିଷ√ଵ଴ହ

ସ଺ଶ
)(

ଵଵଷା √ଵ଴ହ

ଶ
)௜ + (

ଶଷଵାଷ√ଵ଴ହ

ସ଺ଶ
)(

ଵଵଷିଵଵ√ଵ଴ହ

ଶ
)௜

                                                                               (4.10) 

If  𝑘௡ = 1, it means that 𝛱ଶ
(௡)

 is without any electrically equivalent transformation. Plugging Eq. (4.10) into Eq. 
(4.8), we have 

𝜏(𝛱ଶ
(௡)

) = 3 × 16௡ିଵ𝑘ଵ
ଶ[(

ଽ଻଻ଽ଴ାଽହସ଺√ଵ଴ହ

ଵହସ଴
)(

ଵଵଷା √ଵ଴ହ

ଶ
)௡ିଶ + (

ଽ଻଻ଽ଴ିଽହସ଺√ଵ଴ହ

ଵହସ଴
)(

ଵଵଷ √ଵ଴ହ

ଶ
)௡ିଶ]ଶ, 𝑛 ≥ 2.      (4.11) 

When  1n  , 𝜏(𝛱ଶ
(ଵ)

) = 3 which satisfies Eq. (4.11). Therefore, the number of spanning trees in the sequence of 

the graph 𝛱ଶ
(௡)

 is given by 

𝜏(𝛱ଶ
(௡)

) = 3 × 16௡ିଵ𝑘ଵ
ଶ[(

ଽ଻଻ଽ଴ାଽହସ଺√ଵ଴ହ

ଵହସ଴
)(

ଵଵଷା √ଵ଴ହ

ଶ
)௡ିଶ + (

ଽ଻଻ଽ଴ିଽହସ଺√ଵ଴ହ

ଵହସ଴
)(

ଵଵଷି √ଵ଴ହ

ଶ
)௡ିଶ]ଶ, 𝑛 ≥ 1.

 
     (4.12) 

where 𝑘ଵ =
(

భమళయళశభమరయ√భబఱ

యఴ
)೙షభ൫଺ହଶହା଺ସଽ√ଵ଴ହ൯ି

మయ

మ
(ଵହିଵ √ଵ଴ହ)

(
భమళయళశభమరయ√భబఱ

యఴ
)೙షభ(ହସଷଵାହଵ଻√ଵ଴ହ)ିଵ଻ଽସ

, 𝑛 ≥ 1.                                                                      (4.13) 

Inserting Eq. (4.13) into Eq. (4.12) we obtain the desired result.                                                                   
 

5. Number of spanning trees in the sequences of 𝛱ଷ
(௡)graph 

The graph 𝛱ଷ
(௡) is defined recursively using the graphs 𝛱ଷ

(ଵ) (triangle or Kଷ) and 𝛱ଷ
(ଶ) as shown in Figure 5. The 

graph 𝛱ଷ
(ଵ)

 , n = 3  is obtained by replacing the central triangle in 𝛱ଷ
(ଶ) by a copy of 𝛱ଷ

(ଶ). In general, 𝛱ଷ
(௡)is obtained 

by replacing the central triangle in 𝛱ଷ
(௡ ିଵ)  with 𝛱ଷ

(ଶ) .  According to this construction, the number of total 

verticesቚ𝑉(𝛱ଷ
(௡)

)ቚ  |and edges ቚ𝐸( 𝛱ଷ
(௡)

)ቚare ቚ𝑉(𝛱ଷ
(௡)

)ቚ = 9𝑛 − 6  and ቚ𝐸( 𝛱ଷ
(௡)

)ቚ = 24𝑛 − 21 , 𝑛 = 1, 2, ....  The 

average degree of  𝛱ଷ
(௡) is in the large 𝑛 limit which is  

ଵ଺

ଷ
. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 5   Some sequences of the graph 𝛱ଷ
(௡) 

(3)
3(2)

3(1)
3
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Theorem 3. For  𝑛 ≥ 1, the number of spanning trees in the sequence of the graph 𝛱ଷ
(௡) is given by 

 
(ଶయ೙షఱ((଺ଵ଼଼ି଺ସ଻√ଽଵ)(଼଺ାଽ√ଽଵ)೙ା(଼଺ିଽ√ଽଵ)೙(଺ଵ଼଼ା଺ସ଻√ଽଵ))మ(ଶହ(ଷସଷାସଵ√ଽଵ)ିଶଽ(

మఱ

భరళలళశభఱర √వభ
)೙(ଷ଻ସଽଽାଷଽଷ √ଽଵ))మ)

(ଵହହଶ଺଼଻ହ(ଶହ(ଽହାସ√ଽଵ)ା଼଻×ଶହ೙(ଵସ଻଺଻ାଵହସ଼√ଽଵ)భష೙)మ)
  

 

Proof:  We use the electrically equivalent transformation to transform  𝛱ଷ
(௜) to 𝛱ଷ

(௜ ିଵ). Fig.6 illustrates the 

transformation process from 𝛱ଷ
(ଶ) to 𝛱ଷ

(ଵ). 
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Fig.6 The transformations from 𝛱ଷ
(ଶ)

 to 𝛱ଷ
(ଵ)

  
 
Using the properties given in section 2, we have the following the transformations: 

𝜏(𝐺ଵ) = 9𝑘ଶ 𝜏(𝛱ଶ
(ଶ)

), 𝜏(𝐺ଶ) = [
ଵ

ଷ௞మାଵ
]ଷ𝜏(𝐺ଵ), 𝜏(𝐺ଷ) = [

ଷ௞మାଵ

ଽ௞మ
]𝜏(𝐺ଶ), 𝜏(𝐺ସ) = 𝜏(𝐺ଷ), 𝜏(𝐺ହ) =

[
(ଵଵ మାଷ)మ

(ଷ௞మାଵ)(ସ௞మାଵ)
]ଷ𝜏(𝐺ସ), 𝜏(𝐺଺) = [

ଷ௞మାଵ

ଶହ௞మା଻
]ଷ𝜏(𝐺ହ), 𝜏(𝐺଻) = [

ସ௞మାଵ

ଵଽ௞మାହ
]ଷ𝜏(𝐺଺), 𝜏(𝐺଼) = 𝜏(𝐺଻), 𝜏(𝐺ଽ) =

9[
(ଵଵ ௞మ ାଷ)మ

(ଷ௞మାଵ)(ଶହ௞మା଻)
]𝜏(𝐺଼), 𝜏(𝐺ଵ଴) = [

(ଷ௞మାଵ)(ଵଽ మାହ)(ଶହ మା଻)

(ଵଵ ௞మ ାଷ)మ(଼ଵ௞మାଶଷ)
]ଷ𝜏(𝐺ଽ),  𝜏(𝐺ଵଵ) = 𝜏(𝐺ଵ଴), 𝜏(𝐺ଵଶ) =

(଼ଵ௞మାଶଷ)(ଶହ మା଻)

଻ଶ(ଵଵ మ ାଷ)మ
𝜏(𝐺ଵଵ)and 𝜏(𝛱ଷ

(ଵ)
) = 𝜏(𝐺ଵଶ). 

Combining these thirteen transformations, we have: 

 𝜏(𝛱ଷ
(ଶ)

) = 8(81𝑘ଶ + 23)𝜏(𝛱ଷ
(ଵ)

).                                                                                                                         (5.1) 
 Further 

 𝜏(𝛱ଷ
(௡)

) = ∏ 8(81𝑘௜ + 23)ଶ𝜏(𝛱ଷ
(ଵ)

) = 3 ×௡
௜ୀଶ 8௡ିଵ𝑘ଵ

ଶ[∏ (81𝑘௜ + 23)]ଶ௡
௜ୀଶ ,                                                      (5.2)    

where 𝑘௜ିଵ =
ଵସଽ௞೔ାସଶ

଼ଵ௞೔ାଶଷ
, 𝑖 = 2,3, . . . , 𝑛.        

Its characteristic equation is 81𝛼ଶ − 126𝛼 − 42 = 0 with roots 𝛼ଵ =
଻ି√ଽଵ

ଽ  and 𝛼ଶ =
଻ା√ଽଵ

ଽ . Subtracting these two 

roots into both sides of 𝑘௜ିଵ =
ଵସଽ௞೔ାସଶ

଼ଵ ೔ାଶ , we get 

𝑘௜ିଵ −
଻ି√ଽଵ

ଽ
=

ଵସଽ௞೔ାସଶ

଼ଵ௞೔ାଶଷ
−

଻ି√ଽଵ

ଽ
=

(଼଺ାଽ√ଽଵ)(௞೔ି
ళష√వభ

వ
)

଼ଵ(௞೔ାଶଷ)
                                                                                          (5.3) 

𝑘௜ିଵ −
଻ା√ଽଵ

ଽ
=

ଵସଽ௞೔ାସ

଼ଵ௞೔ାଶଷ
−

଻ା√ଽଵ

ଽ
=

(଼଺ିଽ√ଽଵ)(௞೔ି
ళశ√వభ

వ
)

଼ଵ(௞೔ାଶ )                                                                                           (5.4) 
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Let  ℎ௜ =
௞೔ି

ళష√వభ

వ

௞೔ା
ళశ√వభ

వ

.Then by Eqs. (5.3) and (5.4), we get ℎ௜ିଵ = (
ଵସ଻଺଻ାଵହସ √ଽଵ

ଶହ
)ℎ௜ and ℎ௜ = (

ଵସ଻଺଻ାଵହସ଼√ଽଵ

ଶହ
)௡ି௜ℎ௡. 

Therefore 𝑘௜ =
(

భరళలళశభఱర √వభ

మఱ
)೙ష೔ቀ

ళశ√వభ

వ
ቁℎ೙ି(

ళష√వభ

వ
)

(
భరళలళశభఱరఴ√వభ

మఱ
)೙ష೔ℎ೙ିଵ

.  

 Thus 

  𝑘ଵ =
(

భరళలళశభఱరఴ√వభ

మఱ
)೙ష೔ቀ

ళశ√వభ

వ
ቁℎ೙ି(

ళష√వభ

వ
)

(
భరళలళశభఱరఴ√వభ

మఱ
)೙ష೔ℎ೙ିଵ

.                                                                                                                    (5.5) 

Using the expression 𝑘௡ିଵ =
ଵସଽ௞೙ାସଶ

଼ଵ௞೙ାଶ  and denoting the coefficients of  149𝑘௡ + 42 and  81𝑘௡ + 23 as nf  and 

ng  , we have 
81𝑘௡ + 23 = 𝑓଴(149𝑘௡ + 42) + 𝑔଴(81𝑘௡ + 23), 

81𝑘௡ିଵ + 23 =
𝑓ଵ(149𝑘௡ + 42) + 𝑔ଵ(81𝑘௡ + 23)

𝑓଴(149𝑘௡ + 42) + 𝑔଴(81𝑘௡ + 23)
, 

81𝑘௡ିଶ + 23 =
𝑓ଶ(149𝑘௡ + 42) + 𝑔ଶ(81𝑘௡ + 23)

𝑓ଵ(149𝑘௡ + 42) + 𝑔ଵ(81𝑘௡ + 23)
, 

⋮ 
81𝑘௡ି௜ + 23 =

௙೔(ଵସଽ௞೙ାସଶ)ା௚೔(଼ଵ௞೙ାଶଷ)

௙೔షభ(ଵସଽ௞೙ାସଶ)ା௚೔షభ(଼ଵ௞೙ାଶ )
,                                                                                                         (5.6) 

81𝑘௡ି(௜ାଵ) + 23 =
௙೔శభ(ଵସଽ௞೙ାସଶ)ା௚೔శభ(଼ଵ ೙ାଶଷ)

௙೔(ଵସଽ௞೙ାସଶ)ା௚೔(଼ଵ ೙ାଶଷ)
,                                                                                                   (5.7) 

                          

81𝑘ଶ + 23 =
𝑓௡ିଶ(149𝑘௡ + 42) + 𝑔௡ିଶ(81𝑘௡ + 23)

𝑓௡ିଷ(149𝑘௡ + 42) + 𝑔௡ିଷ(81𝑘௡ + 23)
, 

Thus, we obtain 

𝜏(𝛱ଷ
(௡)

) = 3 × 8௡ିଵ𝑘ଵ
ଶ[𝑓௡ିଶ(149𝑘௡ + 42) + 𝑔௡ିଶ(81𝑘௡ + 23)]ଶ

                                                                      (5.8) 

where 𝑓଴ = 0, 𝑔଴ = 1 and 𝑓ଵ = 81, 𝑔ଵ = 23. By the expression𝑘௡ିଵ =
ଵସଽ௞೙ାସଶ

଼ଵ௞೙ାଶଷ  and using Eqs. (5.6) and (5.7), we 

have    𝑓௜ାଵ = 172𝑓௜ − 25𝑓௜ିଵ; 𝑔௜ାଵ = 172𝑔௜ − 25𝑔௜ିଵ                                                                                       (5.9) 

The characteristic equation of Eq. (5.9) is 𝛽
ଶ − 172𝛽 + 25 = 0 with roots 𝛽ଵ = 86 + 9√91 and 

𝛽ଵ = 86 + 9√91. 
The general solutions of Eq. (5.9) are  
𝑓௜ = 𝑎ଵ𝛽ଵ

௜ + 𝑎ଶ𝛽ଶ
௜ ; 𝑔௜ = 𝑏ଵ𝛽ଵ

௜ + 𝑏ଶ𝛽ଶ
௜
. 

Using the initial conditions 0 00, 1a b   and 𝑎ଵ = 81, 𝑏ଵ = 23, yields 

𝑓௜ =
ଽ√ଽଵ

ଵ଼ଶ
(86 + 9√91)௜ −

ଽ√ଽଵ

ଵ଼ଶ
(86 − 9√91)௜; 𝑔௜ = (

ଽଵି଻√ଽଵ

ଵ଼ଶ
)(86 + 9√91)௜ + (

ଽଵା଻√ଽଵ

ଵ଼ଶ
)(86 − 9√91)௜

        (5.10) 

If  𝑘௡ = 1, it means that 𝛱ଷ
(௡)

 is without any electrically equivalent transformation. Plugging Eq. (5.10) into Eq. 
(5.8), we have 

𝜏(𝛱ଷ
(௡)

) = 3 × 8௡ିଵ𝑘ଵ
ଶ[(

ଽସ଺ସାଽଽଵ√ଽଵ

ଵ଼ଶ
)(86 + 9√91)௡ିଶ + (

ଽସ଺ସିଽଽଵ√ଽଵ

ଵ଼ଶ
)(86 − 9√91)௡ିଶ]ଶ, 𝑛 ≥ 2.                 (5.11) 

When  1n  , 𝜏(𝛱ଷ
(ଵ)

) = 3 which satisfies Eq. (5.11). Therefore, the number of spanning trees in the sequence of 

the graph 𝛱ଷ
(௡)

 is given by 

𝜏(𝛱ଷ
(௡)

) = 3 × 8௡ିଵ𝑘ଵ
ଶ[(

ଽସ଺ସାଽଽଵ√ଽଵ

ଵ଼ଶ
)(86 + 9√91)௡ିଶ + (

ଽସ଺ସିଽଽଵ√ଽଵ

ଵ଼ଶ
)(86 − 9√91)௡ିଶ]ଶ, 𝑛 ≥ 1.

 
                (5.12) 

where 

 𝑘ଵ =
(

భరళలళశభఱరఴ√వభ

మఱ
)೙షభ൫ଷସଷାସ √ଽଵ൯ାଶଽ(଻ି√ଽଵ)

ଷ(
భరళలళశభఱరఴ√వభ

మఱ
)೙షభ൫ଽହାସ√ଽଵ൯ାଶ଺ଵ

, 𝑛 ≥ 1.                                                                                            (5.13) 

 
Inserting Eq. (5.13) into Eq. (5.12) we obtain the desired result.                                                                              
 
6. Numerical Results 
The values of the number of spanning trees in the graphs 𝜏(𝛱ଵ

(௡)
), 𝜏(𝛱ଶ

(௡)
) and 𝜏(𝛱ଷ

(௡)
) are shown in the 

following three tables: 

Table (1) shows some values of the numbers for the graph 𝜏(𝛱ଵ
(௡)

), 𝜏(𝛱ଶ
(௡)

) and 𝜏(𝛱ଷ
(௡)

). 
 

𝑛 𝜏(𝛱ଵ
(௡)

) 𝜏(𝛱ଶ
(௡)

) 𝜏(𝛱ଷ
(௡)

) 
1 3 3 3 
2 681210 519168 875544 
3 185510306700 105779478528 206901490368 
4 50862671085249000 21556971675844608 48885000926148096 
5 13948735120763776830000 4393131437918055825408 11550148664166384218112 
6 38253765961952834644521000008952836292381213531077345282728974769780163513257918464
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7. Spanning Tree Entropy  

After having explicit Formulas for the number of spanning trees of the sequence of the six graphs  𝛱ଵ
(௡)

, 𝛱ଶ
(௡)

 and 

𝛱ଷ
(௡), we can calculate its spanning tree entropy 𝑍 which is a finite number and a very interesting quantity 

characterizing the network structure, defined as in  [21,22] as: For a graph 𝐺, 

𝑍(𝐺) = 𝑙𝑖𝑚
௡→∞

௟௡ (ீ)

|௏(ீ)|
.                                                                                                                                                (7.1) 

𝑍(𝛱ଵ
(௡)

) =
ଵ

ଽ
ቀ𝑙𝑛 ቂ

ଵଶଵହ

ଶ
ቃ + 2 𝑙𝑛ൣ11 + √105൧ቁ = 1.391.

 
𝑍(𝛱ଶ

(௡)
) =

1

9
(𝑙𝑛[ 4] + 2 𝑙𝑛[ 113 + 11√105]) = 1.358. 

𝑍(𝛱ଷ
(௡)

) =
1

9
(𝑙𝑛[ 8] + 2 𝑙𝑛[ 86 + 9√91]) = 1.375. 

Now we compare the value of entropy in our graphs with other graphs. It is clear that the entropy of the graph 𝛱ଵ
(௡) 

is larger than the entropy of the graphs 𝛱ଶ
(௡)and 𝛱ଷ

(௡) of the same average degree. In addition the entropies of  the 

graphs 𝛱ଵ
(௡)

, 𝛱ଶ
(௡)

 and  𝛱ଷ
(௡) are larger than the entropy of the fractal scale free lattice [23] which has the entropy1.040 

and has the same average degree 4 and  the entropy of the two dimensional Sierpinski gasket [24] which has the 

entropy1.166 of the same average degree 4  . Moreover, the entropies of  the graphs 𝛱ଵ
(௡)

, 𝛱ଶ
(௡)

 and  𝛱ଷ
(௡) are larger 

than entropy of  the  3-prism graph [25] which has the entropy1.0445. 

8. Conclusions 
In this study, we use electrically equivalent transformations to determine the number of spanning trees in the 
sequences of various graphs created by triangle graphs. This technique's strength is its ability to avoid the laborious 
computation of Laplacian spectra, which is a requirement for a general approach to spanning tree determination. 
Furthermore, our findings indicate a relationship between the entropy and the graph's average degree. 
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