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Abstract. In this paper, we defined a new graph entropy which is called level
entropy. There are some level based entropy measures in the literature. Then, we
obtain some relations between the level entropy and other level based entropy
measures for rooted trees. Moreover, we obtain that level entropy is less than or
equal to Wiener entropy of a rooted tree, if the root vertex of this tree is one of the
most distant vertices to any vertex.
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1. Introduction

Information theoretic tools or entropy measures are widely used in mathematics,
computer sciences, information sciences, chemistry, biology, sociology and
psychology (Dehmer and Mowshowitz 2011). Then, the new methods of measuring
the entropy of graph classes will easify the researches in the mentioned areas. The
information contents of graphs can be evaluated as a complexity measure for the
graphs (Mowshowitz and Dehmer 2012).

To enumerate the entropy measure of a graph, a probability distribution has to be
obtained with respect to a parameter. A way of the obtaining the probability
distribution is using an equivalence relation on a graph (Rashevsky 1955, Trucco
1956). One of the first studies on these directions contain the symmetry properties
and permutation groups of graphs (Mowshowitz 1968). Using the algebraic
methods on the graphs give different methods for computing the information
contents of the graphs. By these methods, different partitions of the the vertex set
or edge set can be obtained and these partitions attain the probability distribution
on graphs. Orbit polynomial (Dehmer et al. 2020) and orbit entropy concepts are
some of these studies.

Distance based entropies have important role in information theory. There are
many distance based entropy measures in the literature. The first one is called
Wiener entropy (Cambie and Dong 2025) or distance entropy (Ghorbani et al. 2019)
which is computed by the distance of a vertex to other vertices. Some of the distance
based entropy measures can be ordered as (Ili¢ and Dehmer 2015, Chen et al. 2014).

21



CATTLE PRACTICE ISSN 0969-1251

33(5) |

Some entropy measures defined by different graph parameters which are based
vertex degrees (Cao et al. 2015), number of matchings and independent sets (Cao
etal. 2017, Wan et al. 2020) and number of dominating sets (Sahin 2022).

Level based analysis of complex networks is widely used in information sciences
and statistics Level based entropy measures can be obtained from metrical graph
properties (Dehmer 2008a). The sphere concept is very useful in calculation of the
metrical properties of the vertices. The set of vertices which have the equal distance
to a vertex is called sphere of the related vertex.

Another way of the level based analaysis is using local property measures (Dehmer
2008a) for example closeness or degree centrality (Brandes 2001, Wasserman and
Faust 1994). This entropy measure uses the local information graphs which are well
known in the theory of social networks (Brandes 2001, Wasserman and Faust
1994).

A different level based partition can be obtained from the tree decomposition of
the graphs. In this method, a probability distribution is obtained for each vertex of
the graphs by rooting the graphs at a vertex and counting the the number of vertices
of each level. The total decomposition entropy equals to the sum of the probability
distribution of each vertex (Dehmer 2008b, Mowshowitz and Dehmer 2012).

It is understood that level based analysis of graphs has also an important role in
statistics. Average level or average depth has many applications in statistics
(Desmarais and Mahmoud 2020, Bhutani et al. 2020). Since the caterpillar graphs
some biological applications, level based analysis of caterpillar graphs especially
obtained by Balaji and Mahmoud (2017). The authors defined a distance based
graph invariant called level index which is computed by the level differences
between the vertices.

Since the level based analysis of graphs have many applications in computer
sciences, information sciences, mathematics and statistics, we decided to define a
new entropy measure level entropy which is based on the level index concept. In
this paper, we give an evaluation of the level based entropy measures of the
literature and give some relations between these entropies and level entropy.

2. Preliminaries

We give the essential definitions and theorems about the graph theory and level
index which are important for this paper (Dehmer and Mowshowitz 2011).

Definition 2.1. A connected and undirected graph G is consisted of the edge set E
and the vertex set V.

Definition 2.2. A tree T is acyclic and undirected graph. If atree rooted T at a vertex
uy, then T is called a rooted tree and u, is called the root vertex of T. The level of
a vertex u equals to distance of the path between u and u,. The maximum distance

22



CATTLE PRACTICE ISSN 0969-1251

33(5) |

of the path between the root u, and any vertex of T is called the height of T. A
vertex whose degree one is called a leaf.

Definition 2.3. The length of the shortest path between the vertices u and v is
denoted by d(u, v). The eccentricity of a vertex v is denoted by o (v) and equals to
maximum distance between v and any vertex of G. The diameter of G is denoted
by p(G) = max,eyo(v) and radius of G is denoted by r(G) = min,ey0(v)

Definition 2.4. The j-sphere of a vertex u; in G is introduced by
Si(uy, 6) ={v eV(G):d(u,v) =j,j = 1}
Definition 2.5. The total distance is called Wiener index in a graph G and it eqauals
to
1
WE) =5 > D
uev(G)

where D (u) is used to denote the total distance of u € V(G) to other vertices of G
(Wiener 1947).

Definition 2.6. For a rooted tree T, the difference between the levels of the vertices
u and v is denoted by £(u, v).

Definition 2.7. Balaji and Mahmoud introduced a distance based topological index
for rooted trees (2017). It is called level index and the level index of a tree T is
denoted by L(T). Level index of a tree T is computed by the following equation

LM = ) 1M -]
1<i<j<n

such that [;(T) and [;(T) showing the distances of the vertices v; and v; from the
root vertex of the tree T.

In the following example, level index of a rooted tree is given

\%

Figure 1. The tree T which is used in the following example
Example 2.8. The level index of T is computed by
LM =1+14+2+2+4+2+1+1+1+1+1+1=14.
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Definition 2.9. The sum of differences of levels between a vertex u € V(T) and the
other vertices of T is denoted by L(u) and it is computed by

L(u) = Z ?(u, v).

vev(T)

It means that the sum of differences of levels between a vertex i and the other
vertices equals to the following expression in terms of levels of the vertices. Then
L(i) equals to sum of the differences between the level of any vertex j and the
vertex i

LD = ) [ym-um),
1<j<n

By definition 2.9 we can say that

1
LM =3 Z L(w).

uev(T)

Balaji and Mahmoud (2017) itroduced a caterpillar from a rooted path ugu; ... u_;
with the root u, and height h. The path P, is called spine. Assume that X; nodes for
i =1,..,hare attached to u;_, as a leaf. Therefore fori = 1,...,h — 1, level i has
N; = X; + 1 nodes (the 1 comes from the vertex from the spine on level i), but level
h has X}, nodes only.

Definition 2.10. Level index of any rooted tree T can be computed by the following
equation with height h and the number of vertices N; and Ny, ; at level i and i + j
respectively (Balaji and Mahmoud 2017).

n
L(T) = Z JNiNi4j.

3. Entropy Measures

We give the definition of entropy measures which are especially based on the levels
of the vertices. We define the level entropy by a new information functional.

Definition 3.1. The entropy of a graph G is defined by Dehmer’s information
functional method (Dehmer 2008a) where an arbitrary information functional
denoted by f as follows

14!
f () f ()
I-(G) = - 1
4 ZZE‘QJ(UJ) °g<z;thf<vj>>

i=1
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14 14!

f(vi)
=1 i - —1 i)
og ;f(v) ;zﬁ-@l TR

We note that logarithms are taken to the base 2.

By Definition 3.1, f(v;) can be choosen with respect to different graph parameters
and different entropy measures can be obtained.

The Wiener entropy is given by the following definition.

Definition 3.2. The Wiener entropy a graph G is denoted by I,,, and it is computed
by (Cambie and Dong 2025)

D(u) D(u)
he(6) = = Z W) 82w (o)
uev(G)
1
=14+2logW(G) — 2W (G u;G)D(u)logD(u).

The decomposition of graphs is a very useful method in mathematics and computer
science. In this method, the graphs are decomposed to smaller graphs with a special
property. We use the decomposition of graphs which is based on vertex partitions
with respect to levels of vertices (Dehmer 2008b). Determining of vertex partitions
is computed as follows. The graph is rooted to a vertex and the the other vertices
ordered with respect to their levels. The number of vertices on each level gives a
partition of the vertices. This rule is repeated for each vertex of the graph.

Figure 2. The graph G which is used for decomposition entropy

The famous Dijkstra Alghoritm (1959) can be used in determining the
decomposition of a graph G into set of generalized trees (Dehmer 2008b, Dehmer
and Mowshowitz 2011). The decomposition of the graph G in Figure 2 is depicted
in Figure 3 (Dehmer 2008b). In Figure 3, it is seen that the graph G is decomposing
into a set of generalized trees which are rooted tree-like structures.
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Figure 3. The decomposition of the graph G to set of generalized trees for each
vertex

Definition 3.3. Let H be a rooted tree with height h and order n. Moreover, n;
denotes the number of vertices on the i-th level. A probability distribution to H is
defined by (Emmert-Streib and Dehmer 2007)

pv. =l
i n

By this way the vertex entropy of H is given by

h
V() == ) pllogp!.
i=1

The total decomposition entropy of a rooted tree is given as follows. Let T be a
rooted tree and S} = {H,, H,, ..., H, } be the associated set of trees as exemplified
in Figure 3. Then the total decomposition entropy is defined by

My = Y 1V ().

Now we can give two information functionals which are based on metrical
properties of graphs. In these definitions the sphere concept has an important role
in the determining the probability distributions.

Definition 3.4. Let G be a graph. For a vertex v; € V with the height p, the
information functional can be given by (Dehmer 2008b).

fV(Vi) — a51|51(vi16)|+(32|52(virc)|+"'+Cp|sp(virc)|
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with ¢, > 0,1 <k <p,a > 0. In here c, are arbitrary real positive numbers.
S;(v;, G) is used to show the j-sphere of v; in G and |S;(v;, G)| its cardinality.

Definition 3.5. By the definition of information functional of Definition 3.4, we
can give the following entropy

Vi
I A f1w)
I;v(G) = Z S Y W) * (ZE-VJJ V(vi))

i=1 &)=

A different metrical property based information functional £? is defined by the path
lengths of the local information graph L (v;, j) for each vertex v; and j = 1,2, ..., p.

The Figure 4 illustrates the j-spheres of a graph G by centric circles for j = 1,2,3
and Figure 5 illustrates the local information graphs L;(v;, 1) Lg(v;,2) and
L (v;, 3) (Dehmer and Mowshowitz 2011).

&

Figure 4. The centric circles show the 1-sphere, 2-sphere and 3-sphere of
v;, resp.

Figure 5. Local information graphs of G with respect to v; for j = 1,2,3.

27



CATTLE PRACTICE ISSN 0969-1251
33(5)

Definition 3.6. Assume that (P (L (v;, j))) denotes the total path lengths in a local
information graph L (v;, j). By this term we can define the information functional
P (v;) (Dehmer and Mowshowitz 2011)

FP(vy) = abr PUeu)+hol(P(Lo(vi2))++bpl(P (LG (wip))
with b, > 0,1 < k < p,a > 0 and by, are arbitrary real positive numbers.

Definition 3.7. By the definition of information functional of Definition 3.6, we
can give the following entropy (Dehmer and Mowshowitz 2011)

14
fF W) ( fPw) )
I.p(G) =— | .
! zzﬁ-@lfp(vi) P\ P

i=1

Theorem 3.8. Let G be graph. It is attained for every vertex v; € VV and information
radii 1 < j < p (Dehmer 2008a)

p
L(P(Lg(vy, ) = Zj- |S;(vi, G)|.
=1

For example, we compute the [(P(Lg(v;,j))) for the local information graphs
L¢ (v, ) of Figure 4.

I(P(Le(v, 1)) =1%x3 =3
I(P(L(v,2))) =1X3+2%X3=9
I(P(Le(v,3) =1X2+2X2+3X6=24

In the following definition, we introduce a new information functional and a new
entropy measure which is called level entropy and is denoted by 1,(T).

Definition 3.9. For a rooted tree T with order n, we introduce a new information
functional such that

f@):= L(w),
then by using Definition 2 we obtain the level entropy
L(u) L(u)
1,(T) = — log( .
oSt 2L(T) 2L(T)
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4. Relations Between Level Based Information Functionals

In this section we give the main properties of level entropy I, and investigate the
relations between the infurmation functional L(u) and other level based
information functional.

Lemma4.1. Let T be a rooted tree. Assume that H is obtained from T by rooting it
toavertex v € V and n; (1 <i < h) are the number of vertices on level i. Then
the level entropy functional L(v) of T is computed by

L(v) = Zh: in;.
i=1

Proof. H is the rooted tree obtained from the decomposition of T by rooting it to
the vertex v. It is obtained that v is the root vertex of H and the number of vertices
on each level is counted as showed in Figure 3. Then, the level differences between
v and other vertices is computed as the position of vertices in H. Then, we have to
calculate the level differences between v and n;. Therefore

h
Llv) =n,+2n, + -+ hny, = z in;.

i=1

By the Lemma 4.1 we can write the probability distribution of any vertex v € V' as

_ L(U) _n1+2n2+"'+hnh
Pv = TS e L(w) 2L(T)

such that n; are the number of vertices of rooted tree H which is obtained from T
by rooting it at vertex v.

Example 4.2. Let T be a rooted path B,:v v, ..1v,. Then the level entropy
functional L(v;) equals to

nn-—1)
N Rt B S
1) = 2(n+1) " nn+D(n—1) 2n+2
3 3

In here we note that the level entropy I,(T) is defined only rooted trees. It means
that the decomposition of a rooted tree is a bit different from the decomposition of
a cyclic graph into set of generalized trees (Mowshowitz and Dehmer 2012). If a
tree is decomposed by the method as in Figure 3, there is no incident edge which is
an edge between the vertices of same level or non-adjacent levels. Then, we can
give the decomposition of a rooted tree T into a set of rooted trees as in the
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following algorithm which is similar to decomposition of a graph G to special
generalized trees (Dehmer 2008b).

Algorithm 4.3. A rooted tree T is with |V| = n vertices is decomposed into set of
rooted trees as in the following method: Label the vertices of T from 1to |V]. The
set Lg = {1,2, ..., |V} is called the label set. Select a desired height h and select an
arbitrary label from Lg, say i. A tree is rooted at this vertex i. Now, apply the
follwing steps:

1. Compute the shortest distance from vertex i to all other vertices in rooted
tree T (Dijkstra Algorithm can be used for this).

2. The vertices at distance k are the k-level vertices of the rooted tree of vertex
i. Select all vertices in the rooted tree at distance up to h.

3. Delete the label i from the label set Lg.

4. Repeat this procedure if Lg is not empty by choosing an arbitrary label from
L, otherwise finish.

Lemma 4.4. The time complexity of calculation of the I,(T) entropy for a rooted
tree Tis O(|V]3).

Proof. Inthe computation of I,(T), we use the functional L(w) which is depend on
determining j-spheres of all vertices u € V. It is required to obtain all distances
d(u, v) for all vertex pairs u, v € V. In order to compute these distances, a shortest
path algorithm can be applied (for example Dijkstra Algorithm) |V| times for each
vertex as a starting point. Cormen et al. (1990) obtained that Dijkstra Algorithm
has time complexity O(|V|3) and this finishes the proof.

Lemma 4.5. Let T be a rooted tree. For a vertex v € V, the following relation is
attained between the level entropy functional and the total path length regarding
local information graph of v

L(v) = I(P(Lr(v,))))
with the equality is attained if and only if every leaf of T is at distance h from v.

Proof. By Theorem 3.8, the total path length equals to following equation with
height h

h
[P Wr e D) = ) Ji 18T,
j=1

If a vertex of T has no descendant on the level j, this vertex is not contained by
Ly (v,j). It means that the number of vertices on j-th level (n;) in T is bigger than

the number vertices at level j (|Sj(vi, T)|) in the local information graph Ly (v, j).
Therefore
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h h
Lw) = ) jny > (PUr @) = ) 15w D,
j=1 j=1

For the equality, it must be n; = |Sj(v, T)|. This equality is only attained that T =
Ly (v, h) with height h. Consequently, each leaf of T has equal distance h from v.

5. A Comparison Between Level and Wiener Entropies

In this section we make a comparison between the level entropy and Wiener entropy
for a class of rooted trees. For this purpose, we use the majorization method as in
defined by Das and Shi (2017).

We consider non-increasing arrangement of each vector in R™ such that for a vector
x = (xq,x5, ..., x,) € R™. Thus we have x; = x, = -+ > x,,.

Definition 5.1. For x,y € R™, x < y if

k
le Zy ,i=1,2,...,n—1,

i= i=1

S

n

xl zyl

i=1 i=1

When , x < y, x is said to be majorized by y (y majorizes x).

Letp,(G) = (pa(vl), Pa(V2), ...,pa(vn)) is a probably vector of the graph G with
respect to a parameter «. Since the information entropy [,(G) =
— Y1 Pa() logpe(vy),it is obtained that the fuction h(x) = —xlogx is a
concave function for x > 0. Then the following theorem is very useful.

Theorem 5.2. Let H and G be two non-isomorphic graphs of order n and p, (H),
p«(G) be the probability vectors of H and G, respectively. If p,(H) < p,(G) , then
we obtain that I(G) < I(H) (Das and Shi 2017).

Lemma5.3. Let T be arooted tree. Then L(T) < W(T) with the equality is attained
if and only if T is a rooted path.

Proof. Since the level index equals to sum of distances bewteen the vertices of
different level in a rooted tree T and Wiener index equals to sum of all distances
between to any vertices of T, L(T) < W(T) with the equality if and only if T is a
rooted path.

Lemma 5.4. Let T be a rooted tree with n vertices. Then the level functional of
root vertex u, has the relation that L(uy) = L(v) forany v € V.

Proof. The level entropy functional of a vertex u is computed by
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L@ = ) (D) = LD,

veV
Since the level of u, is 0, L(uy) = Ypey l,(T) = L(v) forany v € V.

Lemma 5.5. Let T be arooted tree and v be a most distant vertex to any vertex of
T. Then the Wiener entropy functional of v has the relation that D(v) = D(u) for
any u € V(7).

Proof. The proof is clear and we omit the details.

Proposition 5.6. Let T be a rooted tree whose root vertex is one of the most distant
vertices to any vertex of T, then I,(T) < I,,(T) with the equality is attained if and
only if T = B,.

Proof. We use majorization method for the proof. If T is a path, L(T) = W (T) and
there is one vertex at each level. Then level information functional and distance
information functional of each vertex equals. Then the equality is attained if and
only if T is a path.

Now assume that T is not a path. It means that T has at least two vertices which are
on the same level k. By this way we can compare the information functionals L(u;)
and D (u;) for each vertex i =0, ...,n — 1.

The level entropy distribution is denoted by p, and Wiener entropy distribution is
deneoted by p,, of T as follows

B (L(uo) L(uy) L(uy) L(un—1)>

Pe = 2Ly’ 2L(TY’ " 2L(T)’ " 2L(T)
_(D(uo) D(u;)  D(w) D(un-1)>
Y \2W (T 2W(T) " 2W(T) ™ 2W(T) )

First we take i = 0. It implies that u, is root vertex. Since the distance from root
vertex to any vertex v of T equals to the level of v, then we obtain that L(u,) =
D(uy). By the definition of the information functionals L (u,)and D (ug)
L(u) _ L(u) D(uo) _ D(uo)
Y L(w)  2L(T) X' D(up)  2w(T)
and the inequality L(T) < W(T), we obtain that

L(uo) > D (u)
2L(T) 2w (T)

Now assume that i = 1, the vertex u;. As mentioned for the root vertex, L(u,) =
D (u,) and we obtain that
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L(uy) D(uq)
2L(T) ~ 2W(T)

The same situation goes on for the vertices which are located at first k — 1 levels.

Now we make investigations for vertex wu;, which is one of the vertices on level k.
Since there is two vertices at level k, D(uy) = L(uy) + 2.

For the verticesk <i <n-—1, D(w;) = L(w;) + 2.

It is understood that the first k terms (for the vertices of the level i = 0,1, ...,k — 1)
of p, are greater than the first k terms of p,,. This situation changes with the k-th
term. For a suitable term r > k, it must be obtained

D(u,) _ L(u)
2W(T) ~ 2L(T)

because

Consequently p, majorizes p,, and by Theorem 5.2, it is obtained that I,(T) <
I1,(T). If the number of branch vertices will increase, the majorization will be
attained more strongly and the difference between Wiener entropy and level entropy
is also increased.

6. Level Based Entropy Measures of Some Trees

In this section we obtained the level based entropy measures of stars. Since
caterpillar graphs is widely used in statistical analysis of graphs as mentioned in the
introduction and they represent the chemically important benzenoid graphs, we
obtained the level entropy of caterpillar graphs and paths.

Theorem 6.1. The level entropy of S,, is computed by the following equation

1,(5,) = 11 1 1 | 1
eon) =508 T %8 2
Proof. Let S,, be a rooted star with the root vertex u, and n — 1 leaves. The level
index of S, equals to n — 1, 2% — ™~ and for a leaf v =2 = 1 By this
2L(T) 2n-2 2L(T) 2n-2
way we compute the level entropy of S,, as follows
1,(5,) = n—ll n—1 1) x 1 1 1
() = —5ploeg — ~ (r - Do loe
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_1 111
T T8 2%,

Theorem 6.2. The level decomposition entropy of S,, is computed by the following
equation

2n—-1 1 n—-1 n—-1 n*-3n+2 n-2

log—— 1 — 1
%8 n 8T n 8T

IV(Sn) = -

Proof. The level decomposition of S, is attained as follows, If the decomposition
is started from the root vertex, it is obtained that
1 n—-1 n—1

1
IV(H1)=—;10g;— n log n

If the decomposition is started from a leaf, it is obtained that

Py = — Liogl— Liogt _ =210 n 2
2) = TR T 08y n 8T
_ 21 1 n-— 2l n—2
- n Ogn n Og n
It is obtained the equality IV (H,) = --- = IV(H,,) for the leaves and the level
decomposition entropy of S,, equals to
IV(S)— 1l 1 n—ll n—1 1 2l 1+ —2l n—Z]
n) = ——log————log———(n—1)|log ——log—

2n—-1 1 n—-1 n—1 n*-3n+2 n-2

= - log— — 1 - 1
n Ogn n o8 n n o8 n

Theorem 6.3. The level entropy of rooted caterpillar tree T which is obtained from
a Pp:upu, ... uy_q by attaching X leaves to each vertex Py, equals to

Rt (h— l)X+[(;)+(h_i)](X+1) i+(h—i)X+[(;)+(h_i)](x+1)
1
% (T aen?) 0 2(ae (P o 2)

Proof. It implies that every vertex of P;, takes X leaves. By this rule, we obtain that
there is uy on level 0, X + 1 leaves on level i for 1 <i < h —1 and X leaves on
level h.

First we compute the level differences between the root u, and other vertices. We
obtain that

X+ 1) +2X+1) + -+ (h— DX + 1) + hX.
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Now, we compute the level differences between a vertex on level 1 and the vertices
of following levels. Since there exists X + 1 vertices on level 1, then it is obtained

X+DX+D+2X+1D)++h=-2)X+1)+ (h—1)X].

Similarly, we compute the level differences between a vertex on level 2 and the
vertices of following levels. Since there exists X + 1 vertices on level 2, then we
obtain that

X+DX+D+2X+1D)++(h-3)X+1)+ (h—2)X].

This goes on to the vertices on level h — 1 and the level differences between the
vertices on levels h — 1 and h equal to

(X + 1DX.
Finally the level index of T equals to sum of all level differences of two any vertices
by Definition 2.10 such that

h-1

L(T) = hX + (X + 1)22 i(h — i)

i=1
h2(h—1) (h—1)h(2h—-1)
2 6

=hX+(X+1)2l

=hX+(hJ3r1)(X+1)2

Now we obtain the level entropy functional of any vertex u € T on level i. There
are i — 1 levels before the level of u as the root vertex on level 0 and X + 1 vertices
on other levels. More over there are X + 1 vertices in the following levels outside
of the last level h and there are X vertices on last level h. Then the level fonctional
of u equals to

Lw=i+({(-1DX+D+(-2)X+D+--+X+1)+
X+D+2X+D++Ch—-i—-DX+1D+(h-0DX

i(i_l)x(X+1)+(h_i_zl)(h_i)x(X+1)+(h—i)x

=i+

=i+(h—i)X+[(;)+(h2_i)](x+1).
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The proof is completed.

Example 6.4. By Theorem 6.3, we can compute the level entropy of a rooted path
P,. A path graph of order n has n levels with one vertices on each level. Then level
entropy of B, equals to

L,(Py) =—

By Proposition 5.6, the level entropy and Wiener entropy of B, are equal as I,(P,,) =
Ly (Pr).

7. Conclusion

In this paper, we defined a new graph entropy which is called level entropy. There
are some level based entropy measures in the literature. Then, we obtain some
relations between the level entropy and other level based entropy measures for
rooted trees. Moreover, we show that level entropy is less than or equal to Wiener
entropy of a rooted tree, if the root vertex of this tree is one of the most distant
vertices to any vertex. Then, there are some open problems about level entropy. We
conclude the paper with these problems.

Problem 1. The relation is holds I,(T) < I,,(T) for any rooted tree T.
Problem 2. Find the extremal trees with respect to level entropy.
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